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Factors Affecting the Control of Unstable Combustors
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Active control systems for the attenuation of pressure oscillations in unstable combustors have been under
development by a wide variety of investigators.Whereas many of these applicationshave been in simpli� ed, bench-
scale combustors, some signi� cant efforts have been made in realistic systems including full-scale gas turbine
engines. Results from these efforts, although generally positive, have been varied. As the technology has matured,
the understandingof the factors that currently limit its capabilityhas improved. Some of these factors and howthey
may be quanti� ed through experiments, models, or combined approaches are addressed. The application focus
was lean, premixed combustors for industrial gas turbines. Both gas- and liquid-fueled systems were considered. In
particular, the effects of actuation system time delay and actuated fuel mixing are examined, and the fundamental
limits of control in systems with time delay are considered. The results indicate that the mixing of the actuated
fuel with the remainder of the premixed reactants is signi� cant in determining control authority. The effects of
system time delays are shown to result in a peak splitting phenomenon, which limits the degree to which pressure
oscillations can be reduced. A further examination of the fundamental limits of control demonstrates that it is not
possible to arbitrarily decrease the level of pressure oscillations using linear controllers. The factors that limit the
achievable reduction level are the time delay, the combustor damping, and the actuator bandwidth.

Nomenclature
b = on level for solenoid valve
Gc = controller transfer function
G0 = transfer function representing combustor, fuel line,

and valve dynamics
k = exponent determining rolloff of open-loop transfer

function outside control bandwidth
N = random-input describing function
S = sensitivity function
1!1 = performance bandwidth
1!2 = control bandwidth
" = required attenuation level for sensitivity function over

performance bandwidth
¹ = mean fuel/air ratio
¾ = standard deviation of valve command
¾r = real part of unstable pole
¿ = delay
8ii = power-spectral density function of the input disturbance
8 pp = power-spectral density function

of the combustor pressure
Á = fuel/air equivalence ratio
! = frequency
!b = lower boundary control bandwidth
!c = higher boundary control bandwidth

Introduction

T HE lean, premixed combustor designs utilized in low-
emissions industrialgas turbinesare often prone to combustion

instabilities. Signi� cant efforts to suppress these instabilities using
active control techniqueshave been reported.Researchersat United
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Technologies Research Center1;2 have demonstrated up to 16-dB
suppression of combustion instabilities in a full-scale single com-
bustor and a 6.5-dB attenuation in a three-nozzle sector combustor.
Engineers at Siemens kWU3;4 have deployed an active instability
control system on a full-scaleengine, resulting in reductionsin � uc-
tuating pressure of as much as 17 dB. ABB/Alstom investigators5

haveperformedconsiderablework on a laboratory-scalecombustor,
yieldingsuppressionlevelsof up to 12 dB. Other organizationshave
demonstrated similar levels of success in other premixed combus-
tors, including the U.S. Department of Energy,6 Honeywell, Inc.,7

and Westinghouse/Georgia Institute of Technology.8

Based on these successes, it is clear that this technology
holds promise as a means for attenuating combustion instabilities.
However, the factors that affect (and possiblylimit) the performance
of active instabilitycontrol systemshavenot been fully investigated.
In particular, it has been observed that the achieved reduction of
pressure oscillation varied between experiments from 6 to 20 dB.
Moreover, in some cases the attenuation of oscillations at the pri-
mary frequency was accompanied by excitation of oscillations at
some other frequencies.1;9¡11

The number of factors that can determine the effectiveness of
an active instability control system is large. These factors can be
categorizedas follows:1) combustordynamics,2) actuationsystem,
3) sensing, and 4) controller/algorithm. A more detailed discussion
of these categoriesfollows along with a discussionof which of them
this paper will address.

Combustor Dynamics
The dynamic description of the pressure oscillations to be con-

trolled is important to the effectiveness of the control system. This
includes the fundamental issue of whether or not the system is dy-
namically unstable, that is, in a limit cycle, or whether it is linearly
stable and driven by noise. Large, coherentpressure oscillationsare
possible in either case. Another important factor is the mechanism
(or mechanisms) through which the unsteady heat release and pres-
sure couple with each other. For the control system to be effective,
it is important to understand and prioritize these mechanisms to
devise actuation schemes to interfere with them. If multiple mech-
anisms are at play, it may be dif� cult to deal with more than one
at once. Some mechanisms may not lend themselves to practical
actuation schemes or may be better suited to passive control ap-
proaches, such as acoustic resonators.12 Multiple instability modes
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and the interactionbetween thosemodes (especiallynonlinearinter-
actions)may also compromise the performanceof a control system.
Further issues with how the combustor pressure oscillationsbehave
as a function of engine operating conditions and engine transients
will also affect controller performance.

Actuation System
For the actuation system to be truly effective, it must interfere

with the root-cause physics that lie behind the instability.The most
important considerationin actuationsystem design is developingan
understanding of what these physics are. It is often dif� cult to sort
out cause/effect relationships from measurements made on an un-
stable system. The number of potential coupling mechanisms that
could be at work in any one system is very large. Modeling and
detailed experimentation are often required to acquire this infor-
mation. Once the intent of the actuator has been speci� ed, that is,
how it will interfere with the causal physics, the practical consider-
ations of the actuator and the actuation system must be addressed.
In most systems to date, the fuel � ow rate has been controlled via
some sort of high-speed valve. This valve must be fast enough to
modulate fuel � ow at the required frequency and, potentially, over
a range of frequencies. This will set speci� cations for the valve’s
bandwidth and natural frequency. In addition, it must have a � ow
capacity that is consistent with the supply pressure and � ow rate
goals of the system, but it still must represent the metering ori� ce
of the system. The interaction of the actuator with the controller
is also an important factor. In valves with hysteresis or nonlinear
response, position feedback may be required. Proportional control
systems will require proportionalvalves with a wide dynamic range
of � ow capacity. Whereas the valve is a crucial component of the
actuationsystem, the remainderof the system cannotbe overlooked.
This includes the plumbing system and the fuel injection system.
The plumbing system acoustics can be important and can even be
exploited6;13 for both liquid and gaseous fuels. The capacitance of
the fueldeliverysystemcan alsohavea severeeffecton the time vari-
ations in the deliveryof fuel to the combustor.This is especiallytrue
in gaseous-fuelsystems, but can also be a factor when air is trapped
in liquid-fuel systems. The fuel injection technique may also affect
actuator authority. This includes atomization,mixing and transport
effects. These phenomena can act to attenuate and/or delay the fuel
pulse delivered by the actuator, causing the response at the � ame
front to be minimal. In some systems, multiple actuators may be
required. The placement of these actuators3 and their coordination
are also signi� cant elements to consider.

Sensing
Whereas the technologyfor sensingcombustion instabilitiesmay

be fairly mature (high-response pressure transducers or optical
chemiluminescence measurements), the implementation of these
sensors in a control system can be critical to the system’s perfor-
mance.Note that, althoughit is relativelysimple to measurepressure
or heat release oscillations in an unstable system, it may be much
more dif� cult when a control system is successfully minimizing
those oscillations.Once again, a knowledge of the causal physics is
important. Sensors must be placed at the proper locations relative
to the acoustic mode shape to identify properly phase information
and to maximize signal/noise ratio. Multiple sensorsmay also be re-
quired to identifyor accommodate changes in mode or mode shape.
These sensors must be well matched, in terms of both amplitude
and phase. Filtering, signal processing, and averaging may also be
necessary depending on the nature of the sensed signal. Secondary
sensing of the actuation system or external parameters (fuel � ow
rate, inlet temperature, etc.) may also be required to set control
system parameters.

Controller/Algorithm
Designing a control algorithm that processes a pressure sensor

signal(s) and sends a command signal a fuel valve(s) to quench
the oscillations would be a routine task, if the combustor operating
conditionswere � xed, the transport delay small (much less than the
acoustic period), the actuator authority and bandwidth adequate,

and a model of pressure response to the fuel valve command were
available.In sucha case, thecontrolalgorithmwouldneedto provide
an appropriate phase shift of the pressure signal. This could be
done using several approaches2;3;9;11;14¡16 including the time-delay,
lead-lag, linear quadratic Gaussian, H1, H2, and observer-based
controllers.

The � rst obstacleto model-basedcontroldesignis lackof accurate
physics-based predictive models for combustion system response.
Therefore, the control design typically utilizes either a model ob-
tained from or calibrated with experimental data2;3;9;11;14;15 or an
adaptive scheme17¡20 to tune the controller parameters automati-
cally in a way that reduces pressure oscillations. In particular, an
adaptive scheme is needed as a preliminary control algorithm in
the case where obtaining a data-based model is not practically fea-
sible. This would be the case of an unstable industrial combustor
operating in a regime where hardware damage is likely or when
operating conditions vary (as in power transients for industrial gas
turbines) and are subject to unknown disturbances (external tem-
perature, power load changes). Both � xed-parameter and adaptive
controlapproacheshave theirown limitations,whichwe will discuss
next.

Asmentionedearlier, the levelof suppressionachievedwith � xed-
parameter controller varied between various experiments. In this
paper we will explain, using methods of control theory, how large
transport delay (comparable with the acoustic period) and limited
actuator bandwidth reduce the achievable attenuation level of pres-
sure oscillations. In essence, in the presence of a large delay, at-
tenuation of pressure oscillations at certain band of frequencies is
accompanied by excitation of oscillations in adjacent bands.15;21;22

Limited actuator bandwidth prevents the possibility of compensa-
tion for this problem in the control algorithm.The tradeoff between
the attenuation of oscillations in certain frequency bands and ex-
citation in adjacent bands is expressed in terms of a controller-
independent lower bound15;21;23;24 on the function that shows max-
imum pressure magnitude magni� cation over the excitation band
caused by the controller. The lower bound is an increasing func-
tion of the transport delay and a decreasing function of the actuator
bandwidth.15;21

The limitations of adaptive control algorithm performance in-
clude those of the � xed-parameter controllers with few extra lim-
itations introduced by the adaptation. First, unless the combustor
transient timescale is an order of magnitude slower than the adap-
tation timescale, the stability of any adaptive scheme cannot be
guaranteed.25¡27 (For some ad hoc adaptive schemes, there are no
stability guarantees even under assumption of the timescale sepa-
ration.) Unfortunately, one cannot arbitrarily decrease the control
parameter adaptation timescale to achieve the timescale separation.
One factor that limits the speed of adaptation, especially in the in-
dustrialapplications,is the noisepresentin thepressuretime traces17

that canbe attributedto the responseof theacousticmodes to random
disturbances(such as turbulence).This noiseneeds to be � ltered out
so that the control algorithm can distinguish the pressure reaction
to the control input from a response to random disturbances. The
presence of the noise � lters necessarily slows down the speed of
adaptation as the time required to average out the effect of noise is
proportional to the noise/signal ratio.17;28 This explains why adap-
tive controllers demonstrated in laboratory-scale combustors (low
noise) may not perform as well in industrial (high noise) settings.
There are also tradeoffs between the performance, stability, and
speed of adaptation of adaptive algorithms.28

This paper will cover a more in-depth examination of several of
these factors, including actuated fuel mixing, actuation time delay,
and fundamental control limitations. These factors were chosen
based on an estimation of their criticality in the active control sys-
tem development process. This assessment was made based on the
results of diagnostic experiments, detailed physical modeling, and
reduced-orderdynamic modeling.

Description of the Combustor
This paper will discuss experimental results from two different

experimental combustors (Figs. 1 and 2): 1) single-premixer � ame
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tube with natural gas fuel (4 MW) and 2) three-premixer sector rig
with liquid diesel fuel (12 MW).

The experimentswere operated over a wide range of equivalence
ratios and at inlet temperatures and pressures corresponding with
real engine operating conditions (nominally 710 K and 1.5 MPa,
respectively). The experiments used similar embodiments of the
same engine-scale premixing nozzles. The three-nozzle sector rig
used a 60-deg arc sector of the engine combustor liner with convec-
tively cooled sidewalls. The combustor rigs are discussed in detail
in Refs. 1, 2 and 29.

Fig. 1 Schematic of single-nozzle combustor � ame tube, 15.2-cm test
section diameter, for clarity, one of six sampling probes shown.

Fig. 2 Cross section of three-premixer sector combustor test facility with instrumentation and actuation system.

a) b)

Fig. 3 Schematic of premixing fuel nozzle: a) tangential air scrolls and gaseous-fuel injection scheme and b) nozzle cross section with liquid-fuel
injection scheme.

The premixing fuel injector used in these combustors has been
described in detail by Stuf� ebeam et al.30 The fuel nozzle is shown
schematicallyin Fig. 3. Air was delivered into the premixingcham-
ber through two tangentially oriented air slots that ran the entire
axial length of the chamber. Natural gas fuel was injected through a
row of ori� ces in the inlet section to each of these air slots. Fuel/air
mixing was measured and optimized for low-emissions operation,
as described by Stuf� ebeam et al.30 The liquid-fuel version of the
injector used a series of six axial spokes to atomize and inject fuel
in the interior of the premixer.

The instability mode (»200 Hz) to which control systems were
appliedwas a Helmholtz mode, n D 0, in which the � uctuatingpres-
sure was uniform within the combustor. Pressure � uctuations were
coupledwith the heat releaseprocess throughtheir effect on the � ow
rate of air delivered through the premixer. The time-varyingair� ow
rate produceda time-varyingequivalenceratio at the fuel nozzleexit
and, therefore,time-varyingheat releaserate.This conceptualmodel
of the instability was discussed in more detail by Peracchio and
Proscia,31 and the phenomenon has been described by a number of
other authors.5;6;32 Fuel concentrationmeasurements performed by
Lee and Anderson33 in this combustor con� rmed this link between
equivalence ratio � uctuations and pressure � uctuations. Figure 4
shows the spectrum of the � uctuatingpressure for this instability,as
observed in the single-nozzle(� ame tube) versionof the combustor.
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Fig. 4 Spectrum of uncontrolled combustion instability, showing
high-amplitude pressure � uctuations at approximately 200 Hz.

The fundamental problem of control system design for low-
emissions combustors is to maximize the system’s authority over
the relevant dynamic processes while minimizing the combustor’s
emissions and ensuring this performance over a range of operat-
ing conditions. The active control system consisted of three parts:
a pressure sensor, a control algorithm, and an actuator. Because of
the uniformspatialdistributionof the � uctuatingpressurewithin the
combustor,only one combustorpressuremeasurementwas required
to describethe unsteadypressure� eld as input to the controlsystem.
In both experiments, on/off actuation of a portion of the fuel � ow
to the premixer was performed. A closed-loop control algorithm
was developed to use the actuators’ authority to damp combustor
pressure oscillations. The control algorithm chosen consisted of a
frequency-trackingobserverimplementedin software that identi� ed
the frequencyand in-phase and quadrature components of the com-
bustor pressure oscillationsfrom the high-responsepressure signal.
The phase-shifted pressure oscillation signal was then fed back to
the on/off control valve.

Actuated Fuel Mixing
Actuation technologyis often identi� ed as a critical-pathitem for

the product deployment of active instability control systems in real
engines. The majority of successful efforts in this area have used
modulation of some sort of fuel � ow as an actuation technique.
These techniques have used existing fuel system components or
have added secondary fuel injectors. The obvious actuation tech-
nology barrier is represented by the ability to modulate large fuel
� ows at the high frequencies at which combustion instabilities oc-
cur (normally hundreds of hertz in gas turbines). In some cases,
the acoustics of the fuel system have been tuned to compensate
for poor actuator performance in the frequency range of interest.13

A second, and less obvious, barrier that relates to actuation is the
physics of the actuation process. For an actuator to be effective, it
must have the ability to interfere with the couplingprocess between
the acoustic pressure � eld and the combustion heat release rate. An
actuator that modulates fuel � ow may not have signi� cant authority
(effectiveness) if the fuel is not injected in a manner that allows it
to interfere with the coupling process.

The intent of the actuation scheme used in this effort is shown in
Fig. 5. The controlledfuel injectionsystem was used to reduce vari-
ations in the fuel/air ratio at the exit of the premixer by introducing
a modulated fuel � ow into it. The goal of the system was to keep the
fuel/air ratio being delivered to the combustor uniform in both time
and space. Temporal uniformity inhibits the development of com-
bustion instabilities, and spatial uniformity inhibits the production
of NOx . Complete cancellation of fuel/air variations would likely
require on-line adaptation of the amplitude of the fuel � ow mod-
ulation. Only � xed-amplitude (on/off) actuation was used in this
study.

Fig. 5 Intent of the actuation technique, utilizing the reduction of
equivalence ratio � uctuations by pulsed fuel injection.

The gas-fuel premixer was modi� ed to incorporate four different
actuated fuel injection con� gurations, as shown in Figs. 6 and 7.
These injectioncon� gurationswere designedspeci� cally to provide
different levels of mixing between the actuated fuel � ow and the
remainder of the premixed reactants. Three of the con� gurations
used an axially orientedspoke mountedon the premixer centerbody.
The length of the spoke and the number of injection sites were
varied to modify mixing. The fourth con� guration modulated the
� ow through two of the injection ori� ces in the main fuel injection
array at the inlet to the air scroll. In all cases, the level of actuated
fuel � ow was held constant.

Nonreacting Injector Evaluation
A nonreacting acetone planar laser-induced � uorescence (PLIF)

technique15 was used to assess the steady-state mixing features
of each injection concept. The fuel � ow was not modulated dur-
ing these tests. In each of the tests, 10% of the total fuel simu-
lant injected into the premixer was passed through the control fuel
injection system. In all cases, controlled fuel � ow was injected in-
side the premixing nozzle, although in different fashions. The re-
sults of these tests are shown in Fig. 8. The concentration at the
exit of the premixing nozzle is shown for each con� guration. For
three injectors, the nonuniformity created by the localized injec-
tion can be observed in the concentrationpro� les as a locally richer
spot. Figure 8 also shows the spatially averaged unmixedness, as
represented by the ratio of the standard deviation of the concen-
tration distribution ¾ to the mean concentration value ¹, for each
con� guration.

Threeof the injectionconcepts(con� gurations1–3) demonstrated
poorer steady-statemixing than the baselinepremixer. It can be seen
that, for those con� gurations,mixing improved as the fuel simulant
was injected through a larger number of sites over a larger area.
Injection through the original ori� ce array gave the best mixing,
which is consistent with the fact that this array had been optimized
for good mixing.

Phase-locked PLIF measurements29 were made for the best-
mixing con� guration, which used the main ori� ce array (con� g-
uration 4). A high-speedon/off valve in the control fuel system was
driven at 200 Hz. The PLIF imaging camera was synchronizedwith
the valve actuation, and � ve different time/phase delays were used
over the full cycle of injection at 200 Hz. There were 1800 im-
ages acquired at each delay setting and averaged together to gener-
ate a representative,ensemble-averagedimage of the concentration
distribution at the exit of the premixer through a cycle of actua-
tion. Figure 9 shows these results. They demonstrate that the spatial
concentration distribution changed only slightly over the period of
one cycle. Figure 10 shows how the spatially averaged concen-
tration (fuel/air ratio) changed over one cycle. The unmixedness
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a) b)

Fig. 6 Cross section schematic of premixing fuel nozzle with actuated fuel injection spoke and actuated portion of the main injection array for
introduction of control fuel � ow: a) con� guration 1–3 and b) con� guration 4.

Fig. 7 Detailed view of three spoke injection con� gurations.

Fig. 8 Steady-state fuel/air concentration pro� les at premixer exit for
four fuel injection concepts; concentration values normalized by the
mean value for each case.

(¾=¹ D standard deviation/mean) changed over the range of 3.6–
7.9% during the cycle, indicating that reasonably good mixing was
being maintained throughout. The average acetone concentration
changed by §7% during a cycle, compared to the command varia-
tion of §10%. These tests demonstrated the ability of injector con-
� guration 4 to control the temporal character of the fuel/air ratio at
the exit of the premixer without excessively degrading the spatial
fuel/air mixing at any point in time.

Fig. 9 Phase-averaged fuel/air concentration pro� les and unmixed-
ness at premixer exit for 200-Hz modulation of fuel injection using
con� guration 4.

Combusting Injector Evaluation
Each of the control fuel injection concepts was tested in the gas-

fueled, single-nozzle � ame tube combustor under controlled and
uncontrolled conditions. During uncontrolled operation, fuel was
delivered through the control fuel circuit at the same mean � ow rate
as was used in the controlledtests. This was necessary to isolate the
effect of the unsteady aspect of the fuel injection.

Three of the poorer mixing injection concepts showed increased
NOx and CO levels(relativeto baselinelevels)duringoperationwith
steady, nonmodulated � ow through the control fuel system. These
levels did not change appreciablywhen control was applied (for the
same mean � ow through the control fuel system). In general, the
level of NOx increase that was observed correlated with the degree
of unmixedness that was observed. Emissions were measured using
a ganged array of six water-cooled sampling probes near the exit of
the combustor.
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Fig. 10 Variation of spatially averaged fuel/air ratio at premixer
exit over one period (5 ms) of 200-Hz fuel � ow modulation for
con� guration 4; bars indicate spatial variance about average value at
each time.

Fig. 11 Effect of steady-state fuel/air mixing on actuator authority in
combustion tests for four different actuated fuel injection con� gura-
tions.

For each of injection con� gurations 1–3, a piloting effect on the
instabilitywas also observed. When a constant fuel � ow was deliv-
ered through the control fuel system, the local enricheningresulted
in an attenuationof the pressure � uctuations.This behavior is simi-
lar to that observed when a diffusion-� ame pilot was applied to the
system. When piloted, the pressure � uctuation levels were reduced,
but at the expense of higher NOx emissions.

Con� guration 4, in which the control fuel was delivered through
a portion of the main fuel injection array, showed no difference in
either pressure � uctuations or emissions between the baseline case
and the case in which steady fuel � ow was delivered through the
control fuel system (as expected).

Figure 11 shows that the level of reduction in the amplitudeof the
dominant instabilitymode correlatedwith the mixing performance,
when measured at the optimal control phase delay for each con-
� guration. Better mixing injection schemes provided signi� cantly
better actuation authority, with con� guration 4 producing a 16-dB
(6.3 times) reduction.The broadband rms pressure � uctuation level
in the 0–2 kHz band was reducedby a factorof 2.4 with this control.

One of the more interesting observations was that both NOx

and CO emissions were improved under controlled conditions for
con� guration 4. NOx emissions were reduced by 27%, and CO
emissions were reduced by 54%. This trend is consistent with ob-
servations made by Cohen et al.2 It is most likely that the control
system, by reducing equivalence ratio � uctuations, also reduced
temporal hot spots and cold spots, thus, decreasing the production
of NOx and CO, respectively. These effects are substantial due to
the highly nonlinear relationship between the pollutant emission
production rates and � ame temperature at these low equivalence
ratios.

Actuation Time Delay
Another considerationthat affects the authority of actuation sys-

tems is the time delay between when the actuator moves and when
the effect of that actuation is observed at the � ame front. This
was investigated using both the liquid-fueled three-nozzle sector
combustor1 and the single-nozzle � ame tube combustor. Semi-
empiricaldynamicmodelsof the systemweredevelopedthat explain
the origin of these effects.

Experimental Observations
Speculating that the effectiveness of the controller could be in-

creasedwith the additionalactuatorauthorityproducedby actuating
more nozzles, the control system was tested using multiple simul-
taneously actuated fuel nozzles. Figure 12 shows power-spectral
density (PSD) plots for phase-optimized(minimum-pressureoscil-
lations) single, dual, and triple closed-loop controlled fuel nozzles.
Combustor pressureoscillationswere reducedby going from single
to dual nozzle actuation, but no further reduction was obtained by
actuating all three fuel nozzles, in spite of the open-loop forcing
results. The best control was achieved with dual nozzle actuation,
yielding a 6.5 dB ( 2.1 times or 53%) reduction in the bulk mode
pressuresand a 25% reductionin broadbandrms pressure.These re-
ductions in combustor pressure oscillations via active control were
accompanied with no penalties to emissions compared to uncon-
trolled operation. The magnitude of the reduction was limited by
the splitting of the spectral peak into two smaller peaks. This split-
ting behavior was evident for both two- and three-nozzleactuation,
but the amplitude of the secondary peaks was larger for the three-
nozzle case.

In later experimentswith the gas-fueled,single-nozzle� ame tube
combustor, the lengthof tubingbetween the actuationfuel valveand
the fuel injection location was changed from 2.8 (1.1) to 15.2 cm
(6 in.) and 45.7 cm (18 in.). The effect of these variations on the
control system performance is shown in Fig. 13. The negative ef-
fects of peak splitting increased as the fuel line was made longer.
Although no direct measurements of time delay were made for the
different con� gurations, it is reasonable to assume that increasing
the fuel line length increased the time delay of the actuationsystem.
This phenomenon has been experimentally observed by other in-
vestigators as well.7

Dynamic Interpretation of Peak Splitting
The explanation for this phenomenon traces back to the funda-

mental natureof the pressureoscillationsobservedin the combustor.
Pressure oscillations in a combustor dominated by a narrow fre-
quency band can be interpreted using a limit-cycling model or a
stable, noise-drivenmodel. Most referencesattributepressureoscil-
lations in combustor to self-excitationof coupledacousticsand heat

Fig. 12 Multiple-nozzle, closed-loop actuation led to relatively small
incremental reductions in pressure � uctuation levels due to peak-
splitting phenomenon.
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Fig. 13 Combustor pressure spectra showing the reductions in peak amplitude of optimum-phasecontrol for three different lengths of fuel manifold
with results indicating reduction in control system authority due to appearance of dual peaks at longer tubing lengths: ——, controlled cases and – – –,
uncontrolled cases.

release systemresulting in a limit-cyclingbehavior.However, it will
be shown that the uncontrolled sector combustor behavior and the
splittingof thebulk mode peakobservedduringcontrolledoperation
can be better explained using a model of the combustor as a lightly
damped, linearly stable system driven by noise attributed to turbu-
lence. Note that there are important differences between behavior
observed in small laboratory combustion control experiments and
full-scale industrial combustors. Laboratory combustors typically
haveno liner and, thus, have lower damping than industrialcombus-
tors. At the same time, laboratorycombustorsmay have lower turbu-
lence levels than larger, more complex devices. With low damping
and low noise levels, it is likely that signi� cant pressure oscilla-
tions will only occur due to self-excited limit-cycle oscillations.14

Industrial combustors can exhibit noticeable pressure oscillations
in a stable, noise-driven regime, and hence, a self-excited model
is, in many cases, not necessary. In this sense the term combustion
instability is less appropriate for this analysis because it will use a
stable model of the sector rig and add a driving broadbandstochas-
tic disturbanceto account for the observed pressure oscillations.Of
course,in somecases,a self-excitedmodelof pressureoscillationsin
industrial combustors will be more appropriate than a stable-driven
model.2;3 Note, however, that large combustor pressure oscillations
are possible in both scenarios.

Experimentally determined frequency responses of the combus-
tor pressure to the valve actuation voltage (Fig. 14) closely resem-
bled those typicalof linear systems with time delay. A second-order

model with delay was used to � t these dynamics with good agree-
ment in the frequency range of 150–400 Hz. In principle, these
empirical � ts are necessary but not suf� cient to conclude that the
combustordynamics were in fact linearly stable (as opposed to per-
haps limit-cycling behavior) because a limit-cycling system may
producea frequencyresponseresemblingthatof a stable-drivensys-
tem. However, there are several additional arguments that a driven
stable system is indeed a good model of the observed behavior.
First, the uncontrolledpressurePSD can be closely matched using a
noise-drivenstable model. Second, Fig. 15 shows that the probabil-
ity distribution of pressure from experiments is very well approxi-
mated by Gaussian distribution,which is a typical distributionof an
output of a linear system driven by Gaussian input. A noise-driven
limit-cycling system would show a double-humpdistribution22;34;35

of pressure. Last, it will be shown that the stable, driven model
reproduces the peak-splittingeffect of the controller in simulations
with encouraging � delity to data.

The transfer function of combustor pressure to valve command
voltage was measured via open-loop swept-sine tests actuating one
of the three nozzles. The � rst step in � tting a measured transfer
function was to identify the time delay from the slope of the phase
in the frequency range of 220–260 Hz. Next, the phase lag due
to delay was subtracted from the experimental phase lag yielding
a nearly classical second-order response with the phase dropping
180deg throughthemagnituderesponsepeak.A stablesecond-order
transfer functionwith two poles and one zero was � tted numerically.
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Fig. 14 Bode plot of combustor pressure over valve command signal
with no control.

Fig. 15 Distribution of 20000samples:££, uncontrolledunsteadycom-
bustor pressure and ss , � t with a Gaussian distribution.

Fig. 16 Schematic of closed-loop combustor simulation block dia-
gram; noise represented as random � uctuations of fuel/air ratio.

A schematic of the closed-loop simulation block diagram is
shown in Fig. 16. The plant G0. j!/ is the empirical second-order
system with delay representing the combustor dynamics. With the
controller off, the standard deviation of the white Gaussian noise
was adjusted in the simulation to match the PSD of the pressure
data from experiment. A likely physical source of the driving dis-
turbance was the turbulent � ow � uctuations driving the acoustic
mode directly, or through the heat release process.

The effect of multiple-nozzleactuationwas simulated by linearly
scaling the controller output by the number of nozzles, which was

Fig. 17 Second-order model of combustor with delay reproduces
peak-splitting phenomenon (Fig. 12) in closed-loop simulation.

consistent with experimental open-loop forcing results. Figure 17
shows that the simulation exhibited a peak-splitting phenomenon
similar to those observed in the experiments. The amplitude at the
dominant oscillation frequency was attenuated,whereas secondary
peaks were ampli� ed by actuating more nozzles and, therefore,
more authority. The slight asymmetry of peaks after the third valve
was turned on in the experiment can be attributed to a different
phase lag of the third actuation system relative to the � rst two.
In fact, this asymmetry was reproduced in the model by assign-
ing a larger delay to valve three than to valves one and two in the
model.

Even though a linear, stable system driven by a white Gaussian
disturbance was a good model of the sector combustor during the
experiments, using on/off valves for control made the closed-loop
system strongly nonlinear. Thus, an analysis of peak splitting us-
ing linear control theory tools14 may not seem immediately rele-
vant. However, it has been argued by Banaszuk et al.21;22 that a
quasi-linearanalysisusing randominput describing functions is ap-
propriate to study the nonlinear dynamics of the combustion model
with on/off valves in the presenceof large-amplitudenoise, as is the
case with this closed-loopmodel. In this technique,the signals in the
model were approximatedas sums of constant, sinusoidal, and ran-
dom components with Gaussian distribution. The static nonlinear
elements were replaced with equivalent gains called random input
describing functions.36 The values of constant components, ampli-
tudes, and frequencies of sinusoidal components and the standard
deviations of Gaussian components in the system can be found by
solving a system of nonlinear equations.

It can be shown that the system of Fig. 16 with the identi� ed
standard deviation of Gaussian input has low effective gain of the
on/off valve for the sinusoidal signal so that a limit-cycle oscilla-
tion cannot be sustained. Therefore, only the balance of Gaussian
processes in the loop has to be carried out to predict approximately
the PSD of the combustor pressure under closed-loop control. The
random input describing function for the on/off valve with on level
denoted by b is

N .¾/ D
p

2=¼.b=¾/

where¾ is the standarddeviationof the Gaussianprocessat the input
of the valve.One canshown that,giventhe noise inputPSD 8ii . j!/,
¾ can be found from the Gaussian process balance equation as

¾ D

s
1

2¼

Z 1

¡1

­­­­
G0. j!/Gc. j!/

1 C
p

2=¼.b=¾/G0. j!/G c. j!/

­­­­
2

8ii . j!/ d!

which can be solved numerically.Once the value of ¾ is known, the
pressure PSD 8pp. j!/ can be obtained from

8 pp. j!/ D
G0. j!/

1 C N .¾ /G0. j!/Gc. j!/
8i i . j!/
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Fig. 18 Nyquist diagram for single-nozzle closed-loop control near the
optimum control phase, showing that the controller excited secondary
peaks B and C and attenuated the primary peak A.

The closed-loop transfer from noise to pressure is G0. j!/=[1 C
G0. j!/GC . j!/N .¾ /], indicating that for j1 C G0. j!/GC . j!/
N .¾ /j < 1 the pressure oscillations are ampli� ed by the controller
and for j1 C G0. j!/GC . j!/N .¾ /j > 1 the pressureoscillationsare
attenuated by the controller.

Figure 18 shows the Nyquist plot of G0. j!/GC . j!/N .¾ / in the
complex plane for the value of b corresponding to three valves.
[For Fig. 18, G0. j!/GC . j!/ and ¾ were obtained from model
simulation rather than calculation, the main reason being that the
controllerGC . j!/ used in the experimentsand in the simulationwas
a nonlinear phase-shiftingcontroller based on a frequency-tracking
extendedKalman � lter, which does not have a simple linear transfer
function, even though for a � xed central frequencyof oscillations it
can be closely approximated by a linear transfer function.]

By analyzing the Nyquist diagram shown in Fig. 18, we conclude
that the controllerampli� es certain frequencybands while attenuat-
ing the pressureoscillationsat the frequencyband centered at about
208 Hz (peak A in Fig. 17). The two nearly symmetric branches of
theNyquistplot that cross into theunit-radiuscircle,centeredat (¡1,
0), for frequencies greater than 225 Hz and less than 195 Hz, were
the root cause of the secondarypeaks B and C in Fig. 17. They arise
because of presence of large delay in the combustor transfer func-
tion causes signi� cant rolloff of the phase of the open-loop transfer
function G0. j!/GC . j!/N .¾ / Although adding more nozzles and,
therefore, more actuator authority increased the control gain in the
attenuationband, it also increased the control gain in the excitation
band as well, imposing a limit on the phase-shiftingcontroller’s ef-
fectiveness. Note however, that increasing the number of actuated
nozzles does not correspond to proportional gain increase because
the standard deviation ¾ of the Gaussian process at the input of the
valve is a function of b.

Fundamental Limitations of Achievable Performance
In the preceding section, we showed that increasing delay be-

tween the fuel control command and its effect on the combustion
process reduces attenuation of the pressure oscillations in a com-
bustor. A natural question arises whether the increase of the de-
lay could be compensated by a choice of the control algorithm.
Banaszuk et al.21;22 showed (using the approachof Freudenbergand
Iooze23/ that one cannot arbitrarily decrease the level of pressure
oscillationsusing linear controllers. In this section we review these
results. The derivationof fundamental limitation is provided for the
case of a linear combustor response and linear controller transfer
function. Extension to the nonlinear actuator case is discussed at
the end of this section.

Recall that the combustorpressurePSD 8 pp ( j!/ can be obtained
from

8pp. j!/ D jG0. j!/S. j!/j28ii . j!/

where

S. j!/ :D 1=[1 C G0. j!/Gc. j!/]

is the sensitivity function. Note that the square of the sentitivity
function is the factorby which the PSD of pressure in the combustor
is reduced (or ampli� ed) at any given frequency. The objective for
active control of combustion is to shape the sensitivity function so
thatit is small at andnear the resonantfrequency!r of thecombustor.
This requirement can be stated as

jS. j!/j < " for ! 2 1!1

where 1!1 is the so-called performance bandwidth, that is, the in-
terval containing the resonant frequency !r over which reduction
of pressure oscillations by the factor of " relative to uncontrolled
level is enforced. The fundamental limitations23;24 yield controller-
independent lower bounds on the maximum of the sensitivity func-
tion. Assume that the combustor response transfer function G0. j!/
has at most one unstable complex conjugate pole pair with the real
part denoted by ¾r . If the combustor model is stable, we de� ne
¾r D 0. An example of fundamental limitations is the Bode integral
formula for the sensitivity function:

Z 1

0

jS. j!/j d! D 2¼¾r

The precedingequationshows thatnegativeareaunderthe logarithm
of the absolute value of the sensitivity function (corresponding to
attenuationof pressureoscillationsrelative to uncontrolledcombus-
tor) in one frequency band must be accompanied by positive area
(ampli� cation of pressure oscillations) in some other band. If the
control bandwidth is in� nite, the positive area may be distributed
over a wide frequencyrange so ampli� cationat any given frequency
may be designed to be arbitrarily small. However, if the control
bandwidth is � nite due to factors such as actuator bandwidth [so
that G0. j!/GC . j!/ is close to zero beyond certain low and high
frequencies],the positive area would have to be accommodated in a
smaller band (where loop gain is high), and this would necessarily
result in peaking of the sensitivity function. If the peaking occurs
in the region where the combustor response transfer function has a
nonvanishinggain, the peaking in the sensitivityfunctionwill result
in a peak splitting in the closed-loop response. Figures 19 and 20
illustrate this phenomenon.

Assume that the combustor transfer functionG0. j!/ is of relative
degree of at least two, that is, it has at least two more poles than
zeros. This assumption is typically satis� ed if actuator and sensor
dynamics are included in combustor response transfer function. To
model the effect due to � nite control bandwidth, we require the
open-loop gain to satisfy the inequality

jG0. j!/Gc. j!/j · ±.!c=!/1 C k for ! > !c

Here, it is assumed that ± < 1
2 and k > 0 (relative degree of at least

two). We impose a similar constraint on the loop gain,

jG0. j!/G c. j!/j · ±.!=!b/1 C k for ! < !b

Let us de� ne the control bandwidth 1!2 :D !c ¡ !b . Figure 21
shows the � nite bandwidth performance speci� cation with the per-
formanceand controlbandwidth.The restrictionsof the loop gain at

Fig. 19 Peak-splitting phenomenon, showing sidebands on either side
of uncontrolled peak during controlled operation: ——, controlled case
and – – –, uncontrolled case.
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Fig. 20 Typical sensitivity function, showing the sensitivity tradeoffs
due to � nite controller performance bandwidth.

Fig. 21 Performance and control bandwidth.

high and low frequencies impose additional constraints on the sen-
sitivity function. Now, in addition to the performance speci� cation
jS. j!/j < " for ! 2 1!1 , a control bandwidth speci� cation must
also be met.

We now compute the performance limitations as peaking in the
sensitivity function magnitude. Let kSk1 :D Sup! jS. j!/j denote
the so-called H1 norm of the sensitivity function. Note that kSk1
is the supremum over all frequencies of the ampli� cation of the
pressure oscillations by the control system relative to the uncon-
trolled response, that is, a measure of control-inducedpeaking. For
the � nite control bandwidth case, the area formula togetherwith the
constraints shown in Fig. 21 and high-frequency rolloff character-
istics can be manipulated (as Ref. 23) to show that

log kSk1 ¸ 1
1!2 ¡ 1!1

»
2¼¾r C 1!1 log

1
"

¡ !b log
1

1 ¡ ±
¡ 3±!c

2k

µ
1 ¡ 1

.1 C ¼=¿!c/

¶¼

The preceding formula shows the following factors that bound from
below the supremum of the sensitivity function.

1) The desired performance is represented by the product
1!1 log.1="/.

2) The limitation on the actuator bandwidth relative to required
performance bandwidth is represented by the amplifying term
1=.1!2 ¡ 1!1/.

3) The real part of the unstable combustor pole is representedby
the 2¼¾r . The larger the growth rate of the pole, the larger is the
peak of the sensitivity function.

4) The combustion response delay is ¿ . One can verify that the
lower bound on the sensitivity peak is an increasing function of the
delay (assuming other parameters are � xed).

With use of the inequalityon the sensitivitypeaking, Figs. 22–24
show lower bounds on sensitivity function norms. Figures 22–24
show that, as the ratio of the control bandwidth to the performance
bandwidth decreases, the sensitivity peaking becomes more and
more severe. Furthermore the peaking is accentuated by increase

Fig. 22 Lower bounds on sensitivity function norm as function of
control bandwidth for three values of ".

Fig. 23 Lower bounds on sensitivity function norm as function of
control bandwidth for four values of ¿ .

Fig. 24 Lower bounds on sensitivity function norm as function of
control bandwidth for four values of combustor pole damping ratio.

in the delay ¿ , increase in the performance requirements (lower "/,
or increase in the real part of the unstable pole of the open-loop
plant ¾r .

Extension of fundamental limitations to the case when either
plant or controller has nonlinear characteristics is possible using
the concept of random input describing functions introduced in the
preceding section. For example, in the case of sector combus-
tor controlled with on/off valves, the fundamental limitations in
terms of lower bounds on the logarithm of the sensitivity func-
tion as presented in this section applies with GC . j!/ replaced with
GC . j!/N .¾ /, where N .¾ / is the randominput describingfunction
of the on/off valve and ¾ is the standard deviation of the Gaussian
component of the valve command. Fundamental limitation analy-
sis also extends to the cases when more general nonlinearities are
present in the model of combustor or controller, Gaussian noise
sources are present, and the combustor feedback loop operates at a
limit cycle. In each particularcase, one has to prove existenceof the
Gaussian and periodic signals in the feedback loop that providebal-
ance and examine stability of solution. More details are presented
in Ref. 21.

Summary
This paper has discussed some of the factors that may limit the

performance of active control systems for the attenuation of com-
bustion instabilities. A broad range of factors was identi� ed and
discussed. This list is by no means complete. Many effects can be
system dependent; they are critical to one system, but irrelevant
for another. This may vary depending on the nature of the control
system architecture and on the combustion dynamics that are being
controlled. Three of the critical factors limiting the control of the
lean, premixedcombustordesignconsideredin this paper have been
examined in more detail.

The ability of the fuel actuator to affect the root-cause physics
behind pressure/heat release coupling was found to be tied strongly
to the mixing of the actuated fuel � ow with the remainder of the
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premixed reactants. In effect, the actuated fuel � ow must act to
achieve a high degree of premixedness,both in time and space.

Another limiting factor relates to actuation time delay, as repre-
sented by the time between movement of the fuel valve and real-
ization of that fuel � ow modulation in the unsteady heat release or
combustorpressure.Large valuesof time delaywere found to shrink
the frequency band over which the control system could attenuate
pressure oscillations and to provide a mechanism through which
pressure oscillations outside of this bandwidth could be ampli� ed.
This led to the peak-splitting phenomenon that limited the degree
to which pressure oscillations could be suppressed.

Attempts to deal with these issues led to a sensitivity function
analysisof the fundamental limits of combustorpressureoscillation
control. It was shown that that one cannot arbitrarily decrease the
level of pressure oscillations using linear controllers. This limit is
strongly in� uenced by system time delays, control bandwidth, and
performance bandwidth.

Although these represent current limitations, they are certainly
not the only factors that will affect performance of instability con-
trol systems. Other systems (not of this type) will face different
issues, and different factors may control their performance. Active
combustioninstabilitycontrolhas beenwell demonstratedas a tech-
nology with signi� cant potential. For the technology to mature to
the point of being practically applicable, future efforts must focus
on these limiting factors, quantify them, and devise methods for
dealing with them.
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